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Abstract
The covariant free fields of any spin on anti-de Sitter spacetimes are
studied, pointing out that these transform under isometries according to
covariant representations of the anti-de Sitter isometry group, induced by
those of the Lorentz group. Applying the method of ladder operators it is
shown that the covariant representations with unique spin are equivalent
with discrete unitary irreducible representations of positive energy of the
universal covering group of the isometry one. The action of the Casimir
operators is studied finding how the weights of these representations may
depend on the mass and spin of the covariant field. The conclusion is
that on anti-de Sitter spacetime one cannot formulate an universal mass
condition as in special relativity.
Pacs: 04.02.-q and 04.02.Jb
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1 Introduction
The properties of the quantum fields on flat or curved spacetimes depend on
their interactions among themselves and with the gravity of the background.
The mass and spin are the fundamental properties of the free fields that may
be related to the geometric invariants, the mass depending, in addition, on the
manner in which the fields are coupled to the background gravity and the effects
of renormalization.
In special relativity, the mass and spin of the free fields are related to the
weight of the unitary irreducible representations (UIR) of the Poincare´ group,
determining the eigenvalues of its Casimir operators. Hereby it comes out the
well-known universal mass condition defining the squared mass as the eigen-
value of the first Casimir operator. On the other hand, the quantum fields
transform according to covariant representations (CR) involving linear repre-
sentations (reps.) of the Lorentz group. In the physical case of fields with a
given mass and unique spin, the CRs are equivalent with UIRs, preserving thus
the unitarity of the quantum theory [1, 2].
This mechanism might work even in general relativity where the gravitation
of the curved backgrounds could give rise to new relations among the geometric
invariants and the mass and spin of the free fields. Unfortunately, there are
serious difficulties related to the manner in which the covariant fields are defined
because of the fields with semi-integer spins which do not comply with the
general relativistic covariance. These fields must be defined only in orthogonal
non-holonomic frames, transforming according to the gauge group which in the
case of the physical (1+3)-dimensional spacetimes is just the Lorentz one [3, 4].
In order to avoid these difficulties we proposed a general definition of CRs
as reps. of the isometry group induced by finite-dimensional reps. of the gauge
group [5]. Similar CRs were constructed earlier by Nachtmann for the de Sitter
(dS) isometry group [6], adapting the Wigner method of induced reps. [1] but
in configuration instead of momentum rep.. We have shown that both these
methods are equivalent leading to the same type of induced CRs [7] which offer
us the opportunity of defining the spin just as in special relativity, independent
on the background gravity. The advantage of this approach is of giving the
most general method of constructing covariant fields of any spin on curved
backgrounds and the corresponding conserved operators generating the isometry
transformations. In this framework we obtained a coherent quantum theory on
curved spacetimes that allowed us to construct the dS QED in Coulomb gauge
[8].
In general, the CRs are different from the UIRs even if these are reps. of the
same isometry group. In special relativity, the CRs are equivalent with the UIRs
whose invariants determine the mass and spin of the covariant fields. Moreover,
in the case of the dS spacetime we have shown that the CRs with unique spin
are equivalent with UIRs of the principal series of the SO(1, 4) isometry group
[10, 11], pointing out that the boson and fermion fields minimally coupled to
gravity do not comply with the same mass condition [9].
Here we would like to extend this study to the anti-de Sitter (AdS) spacetime
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where we know that the energy spectra of the Klein-Gordon [12, 13] and Dirac
[14, 15] free fields are discrete, corresponding to discrete UIRs with positive
energy of the SO(2, 3) isometry group [16, 17, 18]. Our principal goal is to
generalize these results showing that the induced CRs with unique spin are
equivalent with this type of UIRs and study how the weights of these reps.
depend on mass and spin.
For this pourpose we chose the algebraic method of ladder operators exploit-
ing the properties of the generators of our induced CRs which are the principal
conserved observables of the quantum theory. In this manner, we demonstrate
the CR-UIR equivalence finding how the weight of UIRs may depend on mass
and spin. The conclusion is that, just as in the dS case [9], on AdS spacetimes
we cannot postulate an universal mass condition since the bosons and fermions
have different behaviors.
The results presented here complete the global image about the theory of
free fiels of any spin on the (1 + 3)-dimensional spacetimes with maximal sym-
metry, i. e. Minkowski, dS and AdS ones [3]. Moreover, these results can
be generalized easily to the AdS spacetimes of any dimensions involved in the
AdS/CFT-correspondence of the string theory [19, 20].
We start in the second section presenting our general theory of induced CRs
and their generators, discussing briefly the methods proposed by Weinberg [21]
and Fronsdal [22, 23, 24] for constructing covariant fields with unique spin.
The next section is devoted to the (1 + 3)-dimensional AdS spacetime and its
isometry group whose UIRs and their invariants [16, 17, 18] are revisited giving
only the technical details we need for our investigation. The original results are
presented in section 4 where we demonstrate the equivalence among CRs with
unique spin and UIRs. Here we give the general form of the massive covariant
fields and we express the AdS invariants in terms of effective mass and spin
discussing the problem of the universality of the mass condition. In the last
section we present other concluding remarks.
2 Covariant fields
The covariant fields with integer spins on pseudo-Riemannian spacetimes trans-
form under isometries, according to the general relativistic covariance, as vectors
or tensors of any rank defined in holonomic frames [25]. For the fields with half
integer spin we need to consider simultaneously both the holonomic and local
non-holonomic frames which will form the fixed framework of our approach [5].
2.1 Induced CRs
The holonomic frames are local charts of coordinates xµ, labeled by natural in-
dices, µ, ν, ... = 0, 1, 2, 3 while the non-holonomic frames and the corresponding
dual coframes are defined by the tetrad fields eµˆ and eˆ
µˆ respectively. These
are labeled by local indices, µˆ, νˆ, ... = 0, 1, 2, 3 and satisfy the usual duality,
eˆµˆα e
α
νˆ = δ
µˆ
νˆ , eˆ
µˆ
α e
β
µˆ = δ
β
α, and orthonormalization, eµˆ · eνˆ = ηµˆνˆ , eˆµˆ · eˆνˆ = ηµˆνˆ ,
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conditions. With their help one defines the local derivatives ∂ˆαˆ = e
µ
αˆ∂µ and the
1-forms ω˜αˆ = eˆαˆµdx
µ. The metric tensor gµν = ηαˆβˆ eˆ
αˆ
µ eˆ
βˆ
ν raises or lowers the
natural indices while for the local indices we have to use the flat metric η.
The metric η remains invariant under the transformations of the group
O(1, 3) which includes as a subgroup the Lorentz group, L↑+, whose univer-
sal covering group is the group SL(2,C). In the usual covariant parametriza-
tion, with the real parameters, ωαˆβˆ = −ωβˆαˆ, the transformations A(ω) =
exp(− i2ωαˆβˆSαˆβˆ) ∈ SL(2,C) depend on the covariant basis-generators of the
sl(2,C) Lie algebra, S
αˆβˆ
, which are the principal spin operators generating
all the spin terms of other operators. This parametrization offers us, in addi-
tion, the advantage of a simple expansion of the matrix elements in local bases,
Λµˆ ·· νˆ [A(ω)] = δ
µˆ
νˆ + ω
µˆ ·
· νˆ + · · ·, of the transformations Λ[A(ω)] ∈ L↑+ associated to
A(ω) through the canonical homomorphism [2]. When (M, g) is assumed to be
orientable and time-orientable we may consider the Lorentz group, L↑+, as the
gauge group of the Minkowski metric η [25].
Under such circumstances, we consider the covariant fields ψ(ρ) : M → V(ρ),
locally defined over (M, g) with values in the vector spaces V(ρ) carrying finite-
dimensional reps. ρ of the SL(2,C) group which, in general, are reducible. They
determine the form of the covariant derivatives of the field ψ(ρ) in local frames,
D
(ρ)
αˆ = e
µ
αˆD
(ρ)
µ = ∂ˆαˆ +
i
2
ρ(Sβˆ ·· γˆ ) Γˆ
γˆ
αˆβˆ
. (1)
which depend on the connection coefficients in local frames
Γˆσˆµˆνˆ = e
α
µˆe
β
νˆ (eˆ
σˆ
γΓ
γ
αβ − eˆσˆβ,α) , (2)
where Γγαβ denote the Christoffel symbols. These covariant derivative assure
the covariance of the whole theory under the (point-dependent) tetrad-gauge
transformations,
ω˜ → ω˜′ = Λ[A]ω˜ , (3)
ψ(ρ) → ψ′(ρ) = ρ(A)ψ(ρ) , (4)
produced by the sections A ∈ SL(2,C) of the spin fiber bundle [25].
The isometries, x → x′ = φξ(x), depend on the parameters ξa (a, b, ... =
1, 2...N) of the isometry group I(M) of the manifold (M, g). We have shown
that each isometry must combined with a gauge transformation Aξ ∈ SL(2,C)
in order to restore the initial relative position between the natural and local
frames. We deduced that this transformation is defined as [5]
Λαˆ ·
· βˆ
[Aξ(x)] = eˆ
αˆ
µ[φξ(x)]
∂φ
µ
ξ (x)
∂xν
eν
βˆ
(x) , (5)
with the supplementary condition Aξ=0(x) = 1 ∈ SL(2,C). Then, the combined
transformations (Aξ, φξ) preserve the gauge,
(Aξ, φξ) :
e(x) → e′(x′) = e[φξ(x)] ,
eˆ(x) → eˆ′(x′) = eˆ[φξ(x)] , (6)
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transforming the covariant fields according to the rule
(Aξ, φξ) : ψ(ρ)(x)→ ψ′(ρ)(x′) = ρ[Aξ(x)]ψ(ρ)(x) . (7)
which defines the operator-valued CR T (ρ) : (Aξ, φξ) → T (ρ)ξ whose operators
act as
(T
(ρ)
ξ ψ(ρ))[φξ(x)] = ρ[Aξ(x)]ψ(ρ)(x) , (8)
We specify that the pairs (Aξ, φξ) constitute a well-defined Lie group we called
the external symmetry group of (M, g), denoted by S(M), pointing out that this
is isomorphic with the universal covering group of the isometry group I(M) [5].
Thus, we constructed the CRs of the group S(M), induced by the finite-
dimensional reps. ρ of the group SL(2,C), that may be used for the fields with
semi-integer spins. In the case of the fields with integer spins these CRs are
equivalent with the usual vector and tensor reps. of general relativity [5].
For small values of ξa, we can expand the isometres, x → x′ = φξ(x) =
x + ξaka(x) + ..., in terms of the Killing vectors, ka, associated with this
parametrization. Then, the parameters of the transformationsAξ(x) ≡ A[ωξ(x)]
can be expanded in their turn as ωαˆβˆξ (x) = ξ
aΩαˆβˆa (x) + · · ·, laying out of the
new functions
Ωαˆβˆa ≡
∂ω
αˆβˆ
ξ
∂ξa |ξ=0
=
(
eˆαˆµ k
µ
a,ν + eˆ
αˆ
ν,µk
µ
a
)
eν
λˆ
ηλˆβˆ (9)
which depend only on the Killing vectors and tetrades [5]. With their help we
may write down the generators of the induced CRs,
X(ρ)a = i∂ξaT
(ρ)
ξ |ξ=0
= −ikµa∂µ +
1
2
Ωαˆβˆa ρ(Sαˆβˆ) . (10)
These generators satisfy the commutation rules [X
(ρ)
a , X
(ρ)
b ] = icabcX
(ρ)
c deter-
mined by the structure constants, cabc, of the algebras s(M) ∼ i(M). In other
words, the operators (10) are the basis-generators of a CR of the s(M) algebra
induced by the rep. ρ of the sl(2,C) algebra.
We note that the generators (10) are proportional with the Kosmann’s Lie
derivatives [26] associated to the Killing vectors ka. They can be put in covariant
form either in non-holonomic frames [5],
X(ρ)a = −ikµaD(ρ)µ +
1
2
ka µ;ν e
µ
αˆ e
ν
βˆ
ρ(Sαˆβˆ) (11)
or even in holonomic ones [27], generalizing thus the formula given by Carter
and McLenaghan for the Dirac field [28].
2.2 Covariant fields with unique spin
The above definition of the CRs transforming the covariant fields is general
including all the particular cases studied so far. Thus the covariant fields with
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integer spin which are independent on the local frames are just the vectors
and tensors of any rank transforming covariantly under isometries, as we have
shown in Ref. [5]. Therefore, the CRs are useful especially in theories involving
covariant fields with half integer spin, depending on the choice of the orthogonal
local frames. On the other hand, our approach gives the general rule (10) of
deriving the isometry generators which represent the principal observables of the
quantum theory. These operators are conserved in the sense that they commute
with the operators of the field equations resulted from an invariant Lagrangian
theory.
In general, the Lagrangian densities may be constructed with the help of
some positive defined quadratic forms which must remain invariant under the
transformations (7) induced by the reps. ρ. Since all these are non-unitary,
we need to use reducible reps. and the (generalized) Dirac conjugation, ψ(ρ) =
ψ+ρ γ(ρ), where the matrix γ(ρ) = γ
+
(ρ) = γ
−1
(ρ) must be chosen such that
ρ(A) = γ(ρ)ρ(A)
+γ(ρ) = ρ(A
−1) (12)
Then the generators of the rep. ρ are self-adjoint with respect to the Dirac
conjugation, ρ(S) = ρ(S), and the quadratic forms ψ(ρ) · · ·ψ(ρ) are invariant
under the transformations (7). The Dirac conjugation can be defined either for
self-adjoint irreps. (j, j) or for the symmetric reps., ρ = ...(j1, j2) ⊕ (j2, j1)...,
which are direct sums formed excursively by pairs of adjoint irreps., as we briefly
argue in the Appendix. In this manner the spin content of the theory, denoted
by S(ρ), is increasing since each irrep. (j1, j2) brings the subspeces Vs of the
UIRs of the group SU(2) with spins s = j1+ j2, j1+ j2− 1, ...|j1− j2| [2]. Then
the carrier space of the rep. ρ can be decomposed as
V(ρ) =
∑
s∈S(ρ)
⊕Vσ . (13)
We remind the reader that the irreducible reps. (irreps.) with unique spin s are
only (s, 0) and (0, s).
Under such circumstances it is difficult to construct covariant fields with
unique spin s, eliminating the unwanted components. The simplest method
was proposed by Weinberg [21] which assumed that a covariant field of spin s
transforms according to the CR induced by the rep. ρs = (s, 0) ⊕ (0, s). In
Minkowski spacetimes these fields satisfy field equations with derivatives up to
the order 2s that can be rewritten in curved spacetimes by replacing the usual
derivatives with covariant ones. The typical example is the Dirac field with
s = 12 and ρD = (
1
2 , 0)⊕ (0, 12 ) whose AdS quantum modes in Cartesian gauge
we derived long time ago [14]. However, for s > 1 the field equations of the
order 2s > 2 may have unwanted solutions of the dipole-ghost type that do
not have a physical meaning at the level of the theory of free fields and cannot
be eliminated by imposing supplemental symmetries [29]. Thus the Weinberg
method works successfully for the usual Dirac and Proca or Maxwell fields while
for the higher spin fields the problem of eliminating the ghosts remains open.
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An alternative method that works for covariant fields with spins s > 1 was
proposed by Fronsdal in Minkowski spacetime [22] generalizing the Pauli-Fiertz
theory of the fields with spin 32 [30]. The idea is to exploit self-adjoint irreps.
( s2 ,
s
2 ) for the fields of integer spin s eliminating the lower spin components,
with spins s− 1, s− 2, ...0, by using special field equations and trace conditions.
The advantage is that this theory can be formulated in terms of symmetric
tensors of the ranks s for which the field equations and the trace conditions
can be written in covariant form that can be generalized to curved manifolds.
Thus one obtains good field equations of the second order whose coefficients
depend on s. Unfortunately, this method works only for massless fields but it
is very useful and popular solving the problem of the graviton of spin s = 2
without resorting to equations with higher order derivatives. A similar method
can be applied in the case of the covariant massless fields with half integer spin
s, starting with the rep. ρ = ρD ⊗ ( s2 − 14 , s2 − 14 ) of the symmetric Rarita-
Schwinger spinor-tensors of the rank s − 12 [23, 24] that represent the natural
generalization of the Pauli-Fiertz spinor-vector.
Hereby we may conclude that the general problem of constructing Lagrangian
theories of massive covariant fields with unique spin and field equations of at
most second order derivatives is not yet solved. Nevertheless, we can study the
Weinberg covariant fields with unique spin from the mathematical point of view
focusing on the CR-UIR equivalence as the first step to a complete quantum
theory of covariant fields. We have seen that, in special relativity and on dS
spacetime [9], the CRs with unique spin are equivalent with several UIRs whose
invariants get a physical meaning. In what follows we would like to study the
same problem in the case of CAdS spacetimes for understanding how the mass
and spin of the covariant fields may be defined in this geometry.
3 Anti-de Sitter isometry group
Let us focus now on the CAdS spacetime (M, g) defined as the universal covering
space of the (1+3)-dimensional AdS spacetime. This is a vacuum solution of the
Einstein equations with Λ < 0 and negative constant curvature, representing a
hyperboloid of radius R = 1
ω
=
√
− 3Λ embedded in the five-dimensional pseudo-
Euclidean spacetime (M5, η5) of metric η5 = diag(1, 1,−1,−1,−1) where we
consider the Cartesian coordinates zA (A, B, ... = −1, 0, 1, 2, 3).
3.1 CADS spacetime
On CAdS spacetimes we may introduce local coordinates, xµ (α, ...µ, ν... =
0, 1, 2, 3) giving the functions zA(x) which solve the hyperboloid equation,
η5ABz
A(x)zB(x) =
1
ω2
. (14)
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Here we consider only the local chart {t,x} with Cartesian spaces coordinates
xi (i, j, k, ... = 1, 2, 3) and t ∈ R+, defined by the functions
z−1(x) =
1
ω
χ(r) cos(ωt) , (15)
z0(x) =
1
ω
χ(r) sin(ωt) , (16)
zi(x) = xi , (17)
where we denote r = |x| and χ(r) = √1 + ω2r2. Hereby we obtain the line
element,
ds2 = η5ABdz
A(xc)dz
B(xc)
= χ(r)2dt2 −
[
δij − ω
2xixj
χ(r)2
]
dxidxj , (18)
laying out an obvious symmetry under space rotations and time translations
called here central symmety. In order to keep this global symmetry, we chose
the Cartesian tetrad gauge in which the non-vanishing tetrad components read
[5]
eˆ00 = χ , eˆ
i
j = δ
i
j −
xixj
r2
(
1− 1
χ
)
, (19)
e00 =
1
χ
, eij = δ
i
j −
xixj
r2
(1− χ) . (20)
Notice that in the associated central chart {t, r, θ, φ} with spherical coor-
dinates, canonically related to the Cartesian ones, x → (r, θ, φ), we find the
familiar line element
ds2 = χ(r)2dt2 − dr
2
χ(r)2
− r2(dθ2 + sin2 θ dφ2) . (21)
The symmetries of these manifolds are given by the transformations g ∈
SO(2, 3) which leave invariant the metric η5 of the embedding manifold (M5, η5)
and implicitly Eq. (14). For these transformations we adopt the parametrization
g(ξ) = exp
(
− i
2
ξABSAB
)
∈ SO(2, 3) (22)
with skew-symmetric parameters, ξAB = −ξBA, and the covariant generators
SAB of the fundamental rep. of the so(2, 3) algebra carried by M
5 that have
the matrix elements,
(SAB)
C ·
·D = i
(
δCA η
5
BD − δCB η5AD
)
. (23)
In general, each transformation g ∈ SO(2, 3) generates an isometry changing the
coordinates of a local chart {x}, defined by the functions z = z(x), according
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to the rule x→ x′ = φg(x) where the functions φg are derived from the system
of equations z[φg(x)] = gz(x).
Thus we understand that the (1 + 3)-dimensional CAdS spacetime has the
isometry group I(M) = SO(2, 3) whose universal covering group is isomorphic
with the group of combined transformations, S(M) ≃ Spin(2, 3). The CRs of
this group are induced by the finite-dimensional reps. of the group SL(2,C).
3.2 UIRs of the group Spin(2, 3)
Our principal objective here is to study the CR-UIR equivalence of the reps.
of the group Spin(2, 3) such that we must review first the UIRs of this group
which are well studied from long time [16, 17, 18].
Let us denote by υ the UIR of the spin(2, 3) Lie algebra whose basis-
generators
X(AB) = υ(SAB) = υ(SAB)
† (24)
are Hermitian operators with respect to the scalar product of the carrier Hilbert
space H. These operators satisfy the canonical commutation rules
[
X(AB), X(CD)
]
= ηACX(BD) − ηADX(BC)
+ ηBDX(AC) − ηBCX(AD) . (25)
The invariants of this rep. are the Casimir operators
C1 = ω2 1
2
X(AB)X
(AB) , (26)
and
C2 = −η5ABWAWB , (27)
where the operators
WA =
1
8
ω εABCDEX(BC)X(DE) , (28)
play the same role as the components of the Pauli-Lubanski four-vector of the
Poincare´ algebra.
The generators with an useful physical meaning are the energy operator
H = ωX(0,−1), the total angular momentum
Ji =
1
2
εijkX(j,k) , (29)
and the ladder operators Ai = ω(X(−1,i)− iX(0,i)). All these operators form the
canonical basis {H, Ji, Ai, Ai†} of the so(2, 3) algebra, having the commutators
[H, Ji] = 0 , [Ji, Aj ] = iεijkAk (30)
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and
[H,Ai] = −ωAi , (31)[
H,Ai
†
]
= ωAi
† , (32)
[Ai, Aj ] = [Ai
†, Aj
†] = 0 , (33)[
Ai, Aj
†
]
= 2ωδijH − 2iω2εijkJk . (34)
Moreover, the Casimir operators can be rewritten as
C1 = H2 − 3ωH −A† ·A+ ω2J 2 , (35)
C2 = J 2
(C1 − ω2J 2 + 2ω2)+ F(X) ·A , (36)
where Fi(X) are operators depending on the above basis-generators.
For any space dimension i, the set (H,Ai, Ai
†) can be seen as a Heisenberg-
type algebra generating oscillations on this dimension [16]. What is new here
is that these algebras are not independent each other because of the last term
of Eq. (34). This is not an impediment for applying the standard procedure
for determining the energy spectra staring with a subspace of ground states Φs0
which satisfy the conditions
AiΦ
s
0 = 0 , i = 1, 2, 3 . (37)
and the eigenvalues problems [16, 17],
HΦs0 = E0Φ
s
0 , E0 > 0 (38)
J
2Φs0 = s(s+ 1)Φ
s
0 , s = 0,
1
2 , 1,
3
2 , ... . (39)
Hereby, it results that the UIRs, denoted by (E0, s), are completely determined
by the ground energy E0 and the spin s giving the principal invariants, i. e. the
eigenvalues of the Casimir operators [18],
c1 = E
2
0 − 3ωE0 + ω2s(s+ 1) , (40)
c2 = s(s+ 1)
(
E20 − 3ωE0 + 2ω2
)
, (41)
resulted from the eigenvalues problems C1,2Φs0 = c1,2Φs0.
The operators of the UIR (E0, s) act in a Hilbert space whose basis can be
introduced observing that the new states
Φsn1n2n3 = Nn1n2n3
×
(
A1
†
)n1 (
A2
†
)n2 (
A3
†
)n3
Φs0 , (42)
where Nn1n2n3 are normalization factors, are energy eigenstates,
HΦsn1n2n3 = [E0 + ω(n1 + n2 + n3)] Φ
s
n1n2n3
, (43)
as it results from Eq. (32). One obtains thus the energy spectra En = E0 + nω
depending only on the principal quantum number n = n1+n2+n3 which means
that these spectra are deeply degenerated as in the non-relativistic case [18].
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4 Covariant fields on CAdS spacetimes
From our general theory it results that the covariant fields, ψ(ρ), on CAdS
spacetimes transforms according to CRs of the Spin(2, 3) group induced by
finite-dimensional reps., ρ, of the group SL(2,C). In what follows we denote for
brevity the generators of these reps. as S
(ρ)
αˆβˆ
= ρ(S
αˆβˆ
).
4.1 CRs of the Spin(2, 3) group
The generators of the CRs of the group Spin(2, 3) depend on the Killing vectors
of the CAdS spacetime that can be derived easily as [31]
k(AB)µ = zB∂µzA − zA∂µzB , (44)
where zA = η
5
ACz
C . They were calculated in Ref. [5] according to Eq. (10) and
functions (9) with the new labels a → (AB). Thus we obtained the energy (or
Hamiltonian) operator,
H = ωX
(ρ)
(0,−1) = i∂t (45)
and the total angular momentum,
J
(ρ)
i ≡
1
2
εijkX
(ρ)
(j,k) = −iεijkxj∂k + S
(ρ)
i , (46)
where
S
(ρ)
i =
1
2
εijkS
(ρ)
ij . (47)
We remained with two sets of Lorentz-type generators,
K
(ρ)
i = X
(ρ)
(0,i) , N
(ρ)
i = X
(ρ)
(−1,i) , (48)
having more complicated expressions [5] but whose algebra can be studied by
using algebraic codes on computer. Notice that in the central chart we consider
here the operator H is the only genuine orbital operator without spin terms.
These generators form the basis {H, J (ρ)i ,K(ρ)i , N (ρ)i } of the CR induced by
ρ of the Lie algebra spin(2, 3). Moreover, we can introduce the canonical basis
{H, J (ρ)i , A(ρ)i , A¯(ρ)i } defining the ladder operators of this rep.,
A
(ρ)
i = ω(N
(ρ)
i − iK(ρ)i ) , (49)
A¯
(ρ)
i = ω(N
(ρ)
i + iK
(ρ)
i ) , (50)
which are no longer related through Hermitian conjugation since ρ is not unitary.
With these generators we can derive the Casimir operators according to Eqs.
(35) and (36) where we have to use A¯
(ρ)
i instead of Ai
†.
The generators of CRs have the remarkable property that in the flat limit
become just the usual generators of the CRs of the Poincare´ group. Indeed, we
observe first that the generators (45) and (46) are independent on ω having the
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same form as in the flat case, H = Hˆ and J
(ρ)
k = Jˆ
(ρ)
k . The other generators
have the limits
lim
ω→0
(ωN
(ρ)
i ) = Pˆ
i = −i∂i , (51)
lim
ω→0
K
(ρ)
i = Kˆ
(ρ)
i , (52)
recovering thus the Poincare generators Hˆ , Pˆ i, Jˆ
(ρ)
i and Kˆ
(ρ)
i . Moreover, in this
limit, the Casimir operators become the Poincare´ ones
lim
ω→0
C(ρ)1 = Pˆ 2 = m2 , (53)
lim
ω→0
C(ρ)2 = Pˆ 2(S(ρ) )2 = m2(S(ρ) )2 , (54)
suggesting that their physical meaning may be related to the mass and spin of
the matter fields in a similar manner as in special relativity.
4.2 CR-UIR equivalence
Following the standard procedure for determining the energy spectra we look
for the subspace V0 of the ground states ψ0 ∈ V0 ⊂ V(ρ) which satisfy
A
(ρ)
i ψ0 = 0 , i = 1, 2, 3 . (55)
and
Hψ0 = E0ψ0 , → ψ0 = e−iE0tu0 (56)
where E0 > 0 is the ground energy.
The next step is to calculate the Casimir operators (35) and (36) but we
observe that we cannot use directly Eq. (39) since now the operators J
(ρ)
i
have orbital parts whose action must be evaluated in order to find how these
generators act on the ground states ψ0. This problem is complicated and cannot
be solved in the general case of any rep. ρ. Therefore, we restrict ourselves to the
reps. with unique spin (s, 0) and (0, s) for which we have −S(s,0)0i = S(0,s)0i = iSsi
where Ssi are the generators of the UIR of spin s of the SU(2) group. Under
such circumstances, our algebraic codes on computer allowed us to find the
useful identity
J
(s,0)
i = e
−iωt 1
χ
εijkx
jA
(s,0)
k +Σi (57)
where Σi are point-dependent matrices that in our gauge given by Eqs. (19)
and (20) read
Σi =
1
χ
eli
[
Ssl − ωεljkxjSsk
]
. (58)
These matrices form a UIR of spin s of the su(2) algebra, since they satisfy
[Σi,Σj ] = iεijkΣk and Σ
2 = s(s + 1)1s, having, in addition, the remarkable
property [
J
(s,0)
i ,Σi
]
= 0, i = 1, 2, 3 . (59)
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Then, according to Eq. (55), we my write
J
(s,0)
i ψ0 = Σiψ0 → (J(s,0))2ψ0 = s(s+ 1)ψ0 , (60)
such that we can calculate the action of the Casimir operators on the ground
state ψ0 finding just the eigenvalues (40) and (41). Similar results can be derived
for the irrep. (0, s) and, therefore, for ρs = (s, 0)⊕ (0, s).
Thus we obtain our principal result showing that the CRs with ground energy
E0 and unique spin s, induced by the irreps. (s, 0) or (0, s) of the group SL(2,C),
are equivalent with the discrete UIRs of positive energy, (E0, s), of the group
Spin(2, 3) [18]. This result can be generalized to any induced CR since any rep.
ρ is as a direct sum of irreps. (j1, j2) = (j1, 0)⊗(0, j2) which are direct products
of irreps. with unique spin [2]. Thus we may conclude that any CR of ground
energy E0 induced by the rep. ρ is equivalent with the reducible unitary rep.
∑
s∈S(ρ)
⊕(E0, s) . (61)
Note that this CR-UIR equivalence established for reps. with unique spin
is similar to that we found on the dS spacetimes where the CRs with unique
spin are equivalent with UIRs from the principal series of the group Spin(1, 4)
[10, 11], whose weights are determined by the rest energy and spin [9]. Moreover,
the corresponding dS invariants can be obtained performing the substitution
ω → −iω in Eqs. (35) and (36), checking up again the dS-CAdS symmetry with
respect to this change.
4.3 Massive covariant fields
The above results allow us to write down the general form of a covariant field
of spin s on CAdS spacetime
ψ(ρs) =
∑
n,ν
(
Un,ν(x)an,ν + Vn,ν(x)b
∗
n,ν
)
, (62)
where n is the principal quantum number while ν represent the other quantum
numbers which depend on the manner in which we define the basis of the sub-
space with fixed n. More specific, by using the algebraic method, we obtain the
vector-functions of positive frequencies
Un1,n2,n3 = Nn1,n2,n3
(
A¯
(ρ)
1
)n1 (
A¯
(ρ)
2
)n2 (
A¯
(ρ)
3
)n3
ψ0 , (63)
where ψ0 : M → V(ρs) satisfies Eqs. (55), (56) and (60). Then we separate
the subspace of the vector-functions with the same n = n1 + n2 + n3 where we
introduce a convenient basis {Un,ν} labeled by the quantum numbers ν. The
vector functions of negative frequencies may be defined as Vn,ν = C(ρ)U∗n,ν with
the help of the charge-conjugation matrix given in Appendix [32].
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The algebraic method used here is not able to give information about the
mass of the covariant field since the integration constants of the Eq. (37) re-
main arbitrary. Therefore, these constants, including the field mass, must be
determined by a specific field equation derived from a Lagrangian theory. We
remind the reader that all the conserved operators, including A
(ρ)
i and A¯
(ρ)
i , will
commute with the operator of this equation such that Un,ν and Vn,ν have to
form the corresponding set of fundamental solutions. In what follows we analyze
the simplest field equations looking for a general rule of defining the mass as in
special relativity where the first Casimir operator of the Poincare´ group gives
the universal mass condition Pˆ 2 = m2.
For discussing this problem in the case of the CAdS spacetimes it is conve-
nient to introduce the effective mass M determining the ground energy as,
E0 =M +
3
2
ω , (64)
and bringing the energy spectra in the canonical form
En =M + ω
(
n+
3
2
)
, (65)
while the invariants (40) and (41) of a covariant field of spin s become
c1 = M
2 − 9
4
ω2 + ω2s(s+ 1) , (66)
c2 = s(s+ 1)
(
M2 − 1
4
ω2
)
. (67)
The simplest examples are the Klein-Gordon, Dirac and proca fields. For the
Klein-Gordon field (with s = 0) minimally coupled to the CAdS gravity we find
that the first Casimir operator is just the Klein-Gordon one, C1 = EKG, such
that c1 = m
2. Moreover, our preliminary calculations indicate that a similar
mass condition may hold in the case of the Proca field.
On the contrary, the operator ED = iγαˆD(ρD)αˆ of the Dirac equation, (ED −
m)ψD = 0, in minimal coupling, satisfies the identities
C(ρD)1 = E2D −
3
4
ω21ρD , (68)
C(ρD)2 =
3
4
E2D −
3
16
ω21ρD . (69)
from which we deduce that now we must take M = m.
A similar situation we met on the dS spacetimes where we obtained simi-
lar expressions respecting the symmetry under the change ω → −iω [9]. We
summarize all these results in the following table which lays out the differences
between bosons and fermions on dS and CAdS spacetimes.
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CAdS Minkowski [2] de Sitter [9]
Klein-Gordon
c1 = m
2 c1 = m
2 c1 = m
2
c2 = 0 c2 = 0 c2 = 0
Dirac
c1 = m
2 − 32ω2 c1 = m2 c1 = m2 + 32ω2
c2 =
3
4
(
m2 − 14ω2
)
c2 =
3
4m
2 c2 =
3
4
(
m2 + 14ω
2
)
Proca
c1 = m
2 c1 = m
2 c1 = m
2
c2 = 2m
2 c2 = 2m
2 c2 = 2m
2
We specify that we cannot force the fermions or bosons to satisfy other general
rules in non-minimal couplings [4] since then the coupling parameters might
depend on spin which is unacceptable.
The conclusion is that on the hyperbolic spacetimes, dS and CAdS, one
cannot establish an universal mass condition. Nevertheless, we may accept two
separate mass conditions, M = m for fermions and c1 = m
2 for bosons, but we
believe that now it is premature to draw definitive conclusion based only on the
above few examples.
5 Concluding remarks
We demonstrated the CR-UIR equivalence in the case of the free fields defined
on the CAdS spacetime, showing how the principal invariants depend on the
effective mass and spin.
We used the algebraic method of the ladder operators that may be applied
here since we succeeded to find how the angular momentum operators act on
the ground state. All these results were obtained by using algebraic codes on
computer that work very well in Cartesian coordinates and Cartesian gauge.
However, the advantages of this algebraic method stop here since this is
not suitable for studying the orthonormalization of the energy basis because of
the interference among the Heisenberg-type algebras produced by of the last
term of Eq. (34). For this reason, the algebraic approach must be combined
with analytical methods, in charts with spherical coordinates, for deriving or-
thonormalized quantum modes as eigenfunctions of several sets of commuting
operators, as in the cases of the Klein-Gordon [12, 13] or Dirac [14, 15] fields.
The results presented here complete our image about the covariant fields
on maximally symmetric specetimes, helping us to understand the influence of
gravity on the basic properties of these fields.
A Finite-dimensional reps. of the sl(2, C) algebra
The standard basis of the sl(2,C) algebra is formed by the generators Ji and
Ki that satisfy [2]
[Ji, Jj ] = iεijkJk , [Ji,Kj] = iεijkKk , [Ki,Kj] = −iεijkJk , (70)
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having the Casimir operators c1 = iJiKi and c2 = J
2 − K2. The linear com-
binations Ai =
1
2 (Ji + iKi) and Bi =
1
2 (Ji − iKi) form two independent su(2)
algebras satisfying
[Ai, Aj ] = iεijkAk , [Bi, Bj ] = iεijkBk , [Ai, Bj ] = 0 . (71)
Consequently, any finite-dimensional irrep. τ = (j1, j2) is carried by the space
Vτ = Vj1 ⊗ Vj2 of the direct product (j1) ⊗ (j2) of the UIRs (j1) and (j2)
of the su(2) algebras (Ai) and respectively (Bi). These irreps. are labeled
either by the su(2) weights (j1, j2) or giving the values of the Casimir operators
c1 = j1(j1 + 1)− j2(j2 + 1) and c2 = 2[j1(j1 + 1) + j2(j2 + 1)].
The fundamental reps. defining the sl(2,C) algebra are either the irrep.
(12 , 0) or the irrep. (0,
1
2 ) whose direct sum form the spinor rep. ρD = (
1
2 , 0)⊕
(0, 12 ) of the Dirac theory. This conjecture can be generalized easily considering
pairs of adjoint irreps., τ = (j1, j2) and τ˙ = (j2, j1), which have the same spin
content while their generators are related as J
(τ˙)
i = J
(τ)
i and K
(τ˙)
i = −K(τ)i .
Since the operators Ai and Bi are Hermitian, generating UIRs of the su(2)
algebra, we must have J+i = Ji and K
+
i = −Ki such that we can write
(J
(τ)
i )
+ = J
(τ)
i , (K
(τ)
i )
+ = K
(τ˙)
i . (72)
Hereby we conclude that the invariant forms can be constructed only when we
use symmetric reps. ρ = · · · τ1⊕ τ2 · · · τ˙1⊕ τ˙2 · · · containing only pairs of adjoint
irreps. and/or self-adjoint irreps. τ = τ˙ = (j, j). Then, the matrix γ(ρ) may be
constructed having the matrix elements
〈τ1, s1σ1|γ(ρ)|τ2, s2σ2〉 = δτ1τ˙2δs1s2δσ1σ2 , (73)
in the canonical basis {|τjλ〉 |τ ∈ ρ} [2]. Moreover, for such reps. we can
construct at any time the charge conjugation matrix C(ρ) having the matrix
elements [32]
〈τ1, s1σ1|C(ρ)|τ2, s2σ2〉 = η(τ1)δτ1τ˙2δs1s2(−1)s1−σ1δσ1,−σ2 , (74)
with η(τ) = ±1. We note that the canonical basis defines the chiral rep. while
a new basis in which γ(ρ) becomes diagonal gives the so called standard rep..
This terminology comes from the Dirac theory where γ(ρD) = γ
0.
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